
# 4-manifolds

A
. Kirby diagrams

given a 4-manifold X

it has a handle decomposition with
we O-handle

one 4-handle

some number of 1, 2, and 3-handles

O-handle

40 = D
° x D4

2.ho=0

note other handles attached to

2
+
no = 53

we can assume attaching spheres for
all other handles (except4-handle

miss a point peS

so we draw then in M = S-sp3

I-handles

h = D' xD3
a-u = 50x D3

framing (it X orientable) in TolS0(3)) : (1)

so for each I-handle you see the following
in IR3



⑦
and you interpret this as identifying the

balls by reflection

29. - F
W①-
& X

2-handles

h = D
-XDh

2. 42 = SxDh

framings> (S0127)=

recall
,
to think of framings as I we need to

fix a framing
if KCIR3, thank = 22, I a Seifert surface

so we use this as the O-framing
and all others differ by "twists"

⑤
o framing

Bin-traming

Eatin



if K goes over I-handle then we need to

choose an arc to determine o-framing
Xarc

&
E

keepk intoregion
"close" K with are to see o-framing

o-framing
②-
-

⑳

if X is a closed 4-manifold then after attaching
the 0, 1

,
and I-handles we migh need to

attach some 3-handles and a 4-handle

exercise : 3-handles V4-handle = 0-handle UI-handles

So

=GmS'xD
# 3-handles

boundary sum

so 2(3 & 4 handles) = #Sx52

Th * ) Landenbach-Poenarul :

any differmophism of #S'x5 extends
over GRS'XD3



from this weget

Th1 :

suppose X , X are closed 4-manifolds and

X, = Union of handles of index -i

(similarly for X)

if XzEX2 then X =X
-

Proof : let h : Xz -> XI be diffeomorphism
thent n3-hs
--Zohof,

↓ fi ↓ fa

E
the above says JF : Band4-his)-> 13 and 4-his

that extends forh of

can use hand F to get differ X-X#

So if we are interested in closed 4-manifolds then we can

ignor the 3 and 4-handles !



but if you want to consider non-closed 4-manifolds

you need to see how the 3-handles are attached

3-handles
h3 = D3 xD'
2
-

h = 52+ D

framings> Tz (S0(1) = (1)
so you just need to find an

embedded 52c2X2
then unique way to attach 3-handle

-examples :

1) 32XD we do this just like we did for 3-manifolds

so start with S2=t. ""

8
now hoxD" can be thought of as a 4D O-handle

#R : in its boundary we see (h) x D2
is just

&
i with



so this is the attaching sphere
for 42+D

12
.

Dr)XD2 is gloed to QU x D2

and since we have a global product
we identify the product stra DhYXD2

with the one on (24
%

) x D"

28 We use the O-framing

so 5xD is

%
exercise: in this picture "see" that

2(s+Dz) = 52xs

that is "see" an is of Shs

2) T"xD again arguing as we did for T" xF we see

TXD = ChoxD2) v (nixD)oChixDYvL
--
o-4 I-handles 2 - 4

In >(h) we see 124 %+ D2

⑮
2h2 +Da



so T+ D isEgo
⑰ ⑦

Lo

exercise : "See" 2(+ D4 = Tx S= +
3

- surface ofgenusg
3) exercise :[g xD2

&

C⑦

·3
Tg94

Q
3)

2g -1

L
2g -1

4) D2- bundles over 5

let E be a D2-bundle over 5

note : S=
42

To

Elgi = hi xDz since any bundle over
a contractible space
istrivial

now we need to gloe Wh +D2 to 24x
"

by a diffeomorphism that respects the



fibration

24 +DE, 24
°xD2

Sil 51

S'x D2 Six D2

(P ,(,)-> (4
,
f(q) (n,0))

here f : s-> Diff (D 4)

recall if we homotopf then
the resulting bundle is unchanged

so we can think off as an element

of
#

.
(Diff(D4)=/Soli= E
=
= 50(2)

so can takef to be

fp(r. a = (r
,
0+ n4)

:f is determined by n and E is determined&

by fo E = (hxD) -(h
°x DY

so for eacha weget a D2-bundle En
over s and any D2-bundle is

equivalent to En for some n

exercise :Show En is orientation preseving
diffeomorphic to EmEn = m



Ain't: wait till later and consider
the "intersection form"

exercise :

En is given by the Kirby diagram

Or
#t : consider what framing means !

5) exercise :

1) show D2- bundles over a surface Ig , of

genusg are also determined by

an integer (still denote En

2) show En has Kirby diagram
I

ES 2
2& 2

2 ↳

...
29 -1

1Q M

4
①↳s

2g - 1

lemma l :

if I is a surface embedded in a



4-manifold X, then there exist
a neighborhood of [in X
diffeomorphic to a D- bundle overI

Proof : exercise

so we understand Kirby diagrams ofrbhes of
any surface in a 4-manifold !

6) exercise :

1) Show there are an integers worth of

D2-bundles over a non-orientable
surface Nr (= # ofh projective

planes)

2) Show a Kirby diagram for them is

QTQ
!
S 3a

7)5x52421 15----

-
↓ X

↓
=

4 O- ToW E



2handles 4 - 4

so
3220v(50) - I ha

exercise : show +b) r25
%) in

R3 <S = =(oxio) is

O
now (5) (ii) is S2+Dr so 00
and (H) 0 (n=5) is DP+5 so of
· so 32x32-4-handle) is

·⑳
and 5+5 is

.Do 04handle

exercise : "see" 2 S's inxs that

intersect in a point

18
.
"see" 3+ 1p3 and Sp]x Sh

in the Kinby diagram



Hint : the link& bounds I disks

in B" that intersect in a point

cap of disk using cores of
2-handles

8) exercise :Show Igx52 is
I

2 ja
( v zg3-handles&,Q
.

&

↑ 2g -1 ~ P-handle

↳
29- 1

9)Cp2

recall Cp" has coordinate charts
- homogeneous words

6. :( -> [[Z0 : z: E2]/zoE03 1.e. equire class of
(0,,, E2) in <B-40]

under action ofEZ E
,
703 C- 303

(m
,m) [W: 1 : Wa]

↑2 similar
unit disk

If we set hi= D'xD**2

42 = D2xD c @2

nY = D
-

xD ck2



exercise :

1) 40 14%, 4
,

142, (43) cover P2

2) 414% 14, 142) = 4(2D2) xD2)

so(4004
,
147) <XP2 is just nich

"

with GDXD2cTh" gloed to 2DxD<74

18 glued like 2-handle

as we saw above GDXD C24 : = 53

is just abldof
so we see hich" will be a D2-bundle over 52 !

(not surprising this will just be a

nbhd of CP' ceP")

-ES2

now ho and he areglued by

60 : 2 DxD2-> GDxD
2

Ch
,
us) 1> (W,

,

, u "W!

inrotation above

(P
.
4
.
0)) +- (-4, (r, 0 - 4))

exencse : this is El



n : we know it is En someh but since

we can glue hi to it toget <p
2

we know its boundary must be $3

:. k = 11

you can directly argue for R
= +

or when we discuss "intersection

forms "we will see that it must

be+ 1 since "complex surfaces
intersect positively

"

so ep2 = E, u4-handle

2. Cp = Ot v4handle

= Go with opposite orientation and is given
by

O-tv4-handle

10) Plumbing
let

D- be a D"-bundle are an

Mj

n-manifold My for e = 0.

choose a disk D Mi

we know Eilp = DxDi



let f : Folyn ->E, lyy
(p,q) + (9 , p)

the plumbing of Found E, is
Cand round

EoUfE, = EoEypig-fipig) corners)

eg: E -
↓ ↓
D
E Dir

Pereit
exercise : if Mo

.
M

,
connected the plumbing

is independent of choices

note : in E
, we

have thezeo sections Ei

-



in P we seeEo and E, transversely
intersect in one point

⑮
lemma 3 :

if Mo
,
M

,

"

are submanifolds of We that

intersect transversely in one point, then
M? has a disk bundle neighborhood Es
and I a neighborhood of M. UM,

is

differmorphic to the plumbing of Er and E,

Proof : exercise

in dimension 4
,
we know a disk bundle E; over a surface

of
genus g, is determined by an integer n

we denote the plumbing of Eo and E, by the

plumbing diagram
(90.407 (9.

,
4
.)
·

if g. = 0 ,
we usually leave it out of notation



10 1
,

- is the plumbing of
I disk bundles ove S2

of course we can plumb more than once

E
.g. (2

,
- 4)

5
(20-3

is the plumbing of 5 disk bundles
and represents abhd of 5 surfaces
in a 4-manifold intersecting according
to the diagram

so what is a kinby diagram for a plumbing ?

lets start in dimension 2

for the examples above

-
we have Kirby pictures

->exe

now a ubld of the intersection 18. plumbing
region) is



and Ihandle for green attached to
agreen interval

I handle for blue" "blue" "

so

Toofof of

suppose youplumbedGo to blue

⑳
now ublo of all intersections is

so diagram is

- to oft of of

now for 4-manifolds
M

N

⑳ O



there are I D'- bundles over s"

the ubhd of the intersection point (i.e.

plumbing region) is theo-handle
and 2 of intersecting disks in S=24
is

e
so the plumbed spheres are

Com
exercise : "See" I ses in the picture and

"see" them intersecting in one point
exercise : show plumbings of higher genus surfaces

are similar%

e
and one can similarly consider plumbing
many times

2.g.

I
-2

T



-
117 Self-plumbing

given a disk bundle over a surface we can plumb it

to itself

2D example

VIII⑭↓
⑤

agair , if we consider the
two section we

see the plumbing as abld of a
circle with a transverse double point

⑭



now for Kirby diagrams
recall for plumbings we identified the

O-handles of the two bundles so we saw

the double point

so we need to add a cancelling pair
of 0

, 1-handles

-
identify o-handles to get

,
Z

so diagram is

-

now for 4D :

to O-h we need to add a cancelling
0/1-pair of handles and then the

2-handle

18
.

we think of the I-handle as



2-1 attaching sphere

=
↑

attaching circle

now we identify new o-handle with old one

so we see

↓ attachingspherea

· - 7 at a D'+pti ↑

in new I-handle

---

we attach a l-handle with one foot on red

and one on blue

---
⑦ --
... ↑

now attach I-handle so it runs over old

red and blue use framing coming
from bundle

N

Q

#: we have a clasp so could we
instead draw



O
Yes but these are different manifolds !

when youelt-plumb there is a sig

1.2. If you orient thes" that is

the zeno section of the disk

bundle then there is a sign
for the double point ! and if

you change the orientation you
-

d not change the sign !

late : for mon self plumbings you can
choose orientations so you get
any sign for intersections of

surfaces
.

In the diagram this
is reflected in the fact that

Don ="O")

exercise : See that

*** corresponds to a sphere
with a t double point

⑳



we denote the plumbing diagram
-

by respectively

you can plumb multiple times and surfaces of

higher genus
exencase :

1) show
" is
⑳

8 +

·

D
generalize to any number of self - S

plumbings
2) Show lit-is

ofn

·
and generalize to any genus and

number of self-plumbings

lemma 4 :

any surface I immersed in a 4-manifold X

has a neighborhood that is a self-



plumbed disk bundle over I.

generalized self-plumbings :

any time you have a closed loop
in a plumbing diagram

+

2
.9.

M- M
⑳
-
t

exercise : show a diagram for the above

is

·
Show how to get general diagrams

eg try ~
(2 , k)


